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ON LIMITING DISTRIBUTIONS OF ORDER STATISTICS
WITH VARTABLE RANKS FROM STATIONARY SEQUENCES

Shihong Cheng

Peking University and University of North Carolina

Abstract

(m)
("M .

Let {Xn} be a stationary sequence and X .2 X;n) be the order statistics

of Xl""’ Xn. In this paper, the limiting distribution of Xin), where kn > 0o,
n

kn/n > A, 0<)<]l is discussed under distributional mixing conditions. For stationary

normal sequences, the limiting distribution of Xin), where kn/n > X e (0,1), is a
n

normal with mean zero and variance

r exp{—ai/(l+r)}

oo
2 1 n
% =1 mam nZO J'O 125172

dr

o

if thc covariance {rn} converges to zero as fast as n ", p>4, ay being the x-per-

centile of the standard normal distribution,

Keywords: Order statistics, stationary sequences, limiting distribution, variahle
ranks.

This research has been supported by AFOSR Contract No. F49620-82-C-0009.

AIR FORCE OFFPICE OF SCTENTIFIC RESEARCH (APSC)
NOTICE OF TRANS TWTAT, TN DTIC

This tecbuoicni roport vy been reviaesd and 18
approved fomwn o 0T LS50 VA AN 10002,
Distributioni :




Let {Xn} be a sequence of random variables and Xgn)s...s Xﬁn) be the order

statistics of Xl,..., Xn. In this paper it is assumed that the sequence {Xn} is

satisty the ol

(n)
N }

n

stationary and that the ranks k" ot the order statistics {X
lowing condition:

k +oo n-k =»o k /n-> i, 0<i<l
n n n

Since the case A=1 is easily transformed to the case A=0, we discuss only the cuses:

(0.1) k>, ko /nood, 05)<l

The case A=0 has been discussed by Watts, Rootzén and Leadbetter [7]. The casc
0<X<1 has been discussed by the present author [2], but the mixing condition in
[21 is hard to check. Here we consider the cases A=0 and 0<)<1 simultaneously,

under a distributional mixing condition used by Leadbetter [4].

§1. Notation, assumptions, and introduction

Let {Xn} be a stationary sequence with finite dimensional distribution func-

tions, {F, ..., (x,,..., x ), 1<j,<j.<...}, and, in particular, marginal distri-
iprrig P 172
bution function'Fl(x) = F(x). Suppose that {un} is a real sequence such that
n kn
(1.1) 1im ———-[F(un) - 7;] = u/l-1 , -o<y<o

n
n

The distributional mixing coefficients of {Xn} with {un} are defined by

a(n,f) =

sup{ | F, . (u)-F, . (u)F, L (u | 1sicl < <i <. <j <n,i-1 20}
11...1p31...1q n 11...1p n 31...Jq n 1 p "1 q 1 p

where Fjl"'jp(un) = Fjl“'jp(un’.." un) for any 15]1<32<...<JDSH. Let

O(Al,...,Ak) denote the field penerated by sets Al""’ Ak and

A(n, &) =

sup{ |p(AB)-p(A)p(B) | : Aeo({stun},j=l,...,k),Beo({XiSun},j=k+£,...,n),lsk<k+£sn}




| Lemma 1.1 For any measurable sets Al""’ Ak’ Bl’ A Bt let
« = sup{|P(A, ...A, B, ...B_ ) - P(A, ...A, )P(B. ...B. )]|:
o s ) 1y L ol 3
1gi <...<i <k, 1<j.<...<j <&}
Then we have 1 s 71 Tt
S+t
(1 2) IP(A, . B. . ) - P(A, . )P(B, )] < 28
SRS M PR N iy..eig Jpeedy
tor anv s, 1l<s<k and t, l<t<f, where
A. o= n A} n [ n Al
hetls o qeli,..,i b ) ieli,,...,i } !
1 s 1 s
B. .= a B.] n [ n B.]
LI | . s . j = . . j
1 t 34{31,...,Jt} ]6{]1,...,]t}

Proof: Tt is easy to show that for any sets S, Sl""’ Sn’
_ — n -1
P(sS,...5) = P($) - ] (-1P ) P(SS,  S.)
n p=1 Isijce<i <n 10 7
Hence if {i],.... is} = {1,...,8}, {jl,..., jt} = {1,..., t}, (1.2) is obtained
from
|P(A AAL AkB BB, ---Bp) - P(A . SAS+1 Ak)P(Bl...BtBt+l...Be)|

|P(AS#1...AkBt+1... Bp) - P(A_,;---AP(B,, ...By)]

) B ¥ ' IP(Ai oA A - ABL e BR) PR LA, As+l...Ak)P(Bt+l...Be)(
p=1 1<i <...<1pss 1 P 1 P

t
- !
+ Z _ y . !P(As+l...Akle...quBt#l...Bz) P(As+1...Ak)P(Bj ...Bj Boyy---Bp))
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Denote the indicator of the set A by IA and write

~ T R V2

= = -l" .= .
Inj ]{Xjﬁun] ’ Inj In_i (un) i ]nj IHJ/ n

lLet (n and In be two sequences of positive integers such that tn < Zn < mn.

Define
(-1 (€ £ )+ i(g +2 )
—ﬁi : 7 Tﬁi ? ﬁﬁi = E iy ¥ T?j ’ i=]“"‘Nn
j=(i-1) (€ +£ )+1 - J=(1-1)(£n+£n)+2n+1 .
n
and 7 = N I ., where N = [ " ) . To obtain our results we nced
AT T+t
““nn n n n
N N _
to discuss the limiting distritutions of Ei=l i Ei=1 n, and Z . As prelimi-

naries, we obtain the following lemmas.

Lemma 1.2 The following inequalities hold:

N
. n =
1kzl Enkt igklt N
(1.3) |Ee " - e ) " s/ yB(n,L)
N
1k=1 gnkt iE£1t Nn n
(1.4) |Ee - (Ee ) 7| <3 a(n,zn)

The above statements are still true if we use LI k=1,...,Nn instead of ¢ K
n

k=1,...,Nn in (1.3) and (1.4).
Proof: By Dvoretzky's lemma 5.3 in [3], it follows that

N
. n -
i z £t .=
k=1 nk i& lt N

|Ee - (ee M) "

lgnkt i) Tt g

Nn k =
s 77 |ee - (Ee ) (Ee )|
r=1

i

1o~

N
s 1" Bm,e) s(n/TyB(n,L)

r=1

o o dph, T ‘.
§ ,ﬁﬂws‘NE§§3i|!f!5!!0;i15:-» 'c!ﬁg‘ﬁtgi!l"’"'




Noticing that Nn _
P10 g in_t N

nl

IEe - (Ee ) s(n/?")-s(n,Zn) s(n/Zn)-s(n,zn) ,

we sec that (1.3) holds for nnk’ k=l,...,Nn.

By,...,By for {x15un},...,{xz Sun}, Xy ,p +lsun».
n n nn

Write A A (r 1)2 » By

27+ <“n}""'{x(r-l)(z +£ )41
n n n

n

{x Sun},. AX 3 ¢ 5un} respectively and

44 +(r 1)

£ (1, ,...,1 Y = e , g, (X, ,. ..., ) =e
t A1 A(r-l)zn t Bl B(

Let f (p) be tie value of the random variable f (I IR | % ) at such points
1 A(r-1)4£
that p of ‘A , i=1,...,(r—l)7_n are equal to 0 and all others are 1 . Then we have

Ef g, = ft(O)iZt(O)P(Al...A(r_l)anl... zn)
| + £.(0) 5" Ry (p) y P(A,...A__ %5 nB, <)
| Y opal 1sj1<...<jpsln 1 (r-DE, ey
} (ril)zn z —_ —
+g.(0) ) f_(p) P(A, . nB...By)
i t p=1 t lsjl< ..<jps(r—l)zn L R !
(r-l)zn Zn
’ Z1 1<i, < <i <(r-1)z ozl 1<j, < 2 <j <? ft(p)gt(q)p(AH”.ipnBi
p= S1y<een<ls n S92
' Since (1.2) holds (including s=0 or t=0) and |ft(p)l = Igt(n)| =1 for any n,q, (1.4)
| N
follows from i 2 n r ot N .
k=1 lgnl n n
[Ee - (Ee I ) |Eftgt - EftEgti

r=1

(r-D¥ T (r- 1)2 Z
D)

<am,) )" " (2P

r=1 n=0 q=0 P
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N rZ n
Z "3 Mam,e) < 3amn,)

In the same way, we can show that

! kz 1 1h'n1 t n Nn rln - n
|Ee - (Ee ) | s Y73 a(n,2) < 3'a(n,2 ) ,
n n
r=1
comnleting the proof of the lemma.
LLemma 1.3 If lim(n/k9°F(un) = 1, then
n
' 5 ~ ~ I z ann n ~ zg- ! ~ -~
(1.5) | , ET_.T .1 ¢, Lam, L) «C, + C L 2 | ET .1 . .|
lsi<j<kszn ni nj nk n2 3'nn i=1 nl nij+l
where C C2,(‘3 are constants.
Proof: Using stationarity of the process, we obtain
T -27 -s1
Z A E % K ) % ~
= £ _-s-t ET I
lsi<j<kszn nk nj nk so1 te1 nl n¢+1 ns+t+l
Since
T T 1 = - p
EInlIns+lIns+t+1 P(xlsun’xs+1‘u X t+1'u ) F(un)['()(151“n’)(s+lsun)
|
| + P(Xlsun Xs+t+1'u )+ p(xs+l‘un’xs+t+1‘u )] o+ 2F (u ).
‘ it follows that
T -27 -s1
( -s t)EI
|SZ£ tzl nl ns+l ns+t+l
n
7T 27 -s-1
n n ? 2
r - -
s SZ£ tzl n{'F1,5+l,s+t+l‘un) F(un)Fs+1,s+t+l(un)ll'““l,su(un) F (un)(
n

* |F1,5+t+1(un)_F2(un)l} : 312a(n,£n) ’

and in the same way that

— e g e




0O

n
1 tée (Zn-s-t)EInIIns+l ns+t+1‘ < 32 a(n Z )

Noticing that

YT - oy 2z 2
E'Inllns+1) = [1-2F(u)JEL [T 0+ 4F7(u )[1-F(u ))” , we have
£ -1 ¢ -1 £ -1

n n ~ ~ o~ - ~ n ~ o~
| E E (zn's-t)EInIIns+llns+t+l' ® 2n£n 2 E“nllnsﬁ(
s=1 t=] s=1
£ -1
5 2.2 2 7 T~ -
s 4C £F(u ) [1-F(u )] + ntnll—ZF(un)llszl Etn11n5+1{
Znéﬁki 7 f’n.l o
G nln) 21 Bl Tnjerl

so that the lemma is nroved.

[emma 1.1 If lim (n/kQ'F(un) = 1, then

n
£ -1
T .1 | < ¢ am,e ) « C,E I RE:
| ET . I < C a(n, + C =T, -
lSisjskskszn ni ' nj nk n( 2™ <1 ni ns+l
Kn-l
~ 32 2 ~ 2 ~ o~
* C3£n£nkn/n * C4£n£nl z EInIIns+1‘
where CI’CZ C3 C4 are constants.
Proof: Using stationarity of the process we obtain
Z -3 7 -s-2 Z ~§-u-1
o V’\‘ ~ ~ ~ n n ~ ~ ~
i\i£k<8 Etnilnklnkrnl Z uzl tzl (t -s-t- u)Elnl ns+1 n<+t+1lns+t+u+l
Since
LlnlIns+11ns+t+llns+t*u+l - Fl,s+1,s+t+1,s+t+u+l(un) b F(un)[Fl,s'el,s+t+1(un)

" 3 b}
* r1,s+l,s+t+u+1(un' * Fl,s+t+1,s+t+u+1(un) * Fl,t+1,t+u+1(un)j

2
+ F [un)IFl 5+1(un)*F1 s+t+1(un)+F I(un)*F

1,s+t+u+ I,t+1(un)+F1,t+u+l(un)

FE ()] - 3F )

s . e .
- hal i L P U .
AN e el - m‘ o - - PN . .
l‘*““ i A T T




it follows in the same way as in the proof of lemma 1.2 that

T 37 -s-27 -s-u-1
n n n

nl ns+1 ns+t+] npns+t+u+l

vy ) @ sevewet T 0T T | < 72an.e )

s=f u=1 t-1
n

€17 -s-2Z7 -s-u-1
n n

n
~ ~ ~ ~ ~4
lle uZZ til (?n-s_t-u)Elnllns+1Ins+t+11ns+t+u+1‘ = 7£nu(n’£n)
n
Writing
:~ T T T = { - )
F]nl ns+lrns+t+llns+t+u+1 [Fl,s+1,s+t+1,s+t+u+1‘un) Fl,s+1(un’F )+1(“nH

l“(un)[Fl,s+1,s+t+l(un)'F(un)Fl,s'fl(un)]_F(un)[Fl,s+t+1,s+t+u+l

+

‘: . 12 2 ¢2
d (un)[rl,s+t+1(un)_r (un)] + F (un)[Fl,s+t+u+1(un)-r (un)]

+

> 2
PR () )P ]« PR e -F )]

F(un)[Fl,s+1,s+t+u+l(un) B F(un)Fl,s+1(un)]

FOUF) ta1 teus

we also have

¢ -1 ¢ -1 £ -s-u-1
n

n n
~ ~ ~ ~ ~ ~4_ ,\: .
IGZ] uzl tZ? (en S-t_u)EInllnyIIns+t+1Ins+t+u+lI - gznd(n’fh)+(n(<1
1
Finally we can show that
T";l Ln-l Kg-l ~ o . . , en_l
_e-t-uE - ] 5
qil tzl - (Kn ot U)E1n1]"5+1In5+f+11n5+t+u*l}— C4?n£n' E l:Inl
§= .z u=i c=]

Hence the lemma is proved.

§2. Some 1limit theorems
We introduce the following assumptions:

Assumption I: For some sequence {Zn} of positive integers,

(2.1) (/k38n,0) > 0 (n > @)

kst

\_F(un)pl.u+](un)]

2 2
(un)-F(un)Fl,u+l(un)] + [Fl,s+l(un)-F (un)][Fl,U+](un)-F (nn}] ,

33 2
nl ne+ l)

e

i

§
i
!
!

i
i



g
1/2
/%)

2 2 1 T e T T =
(2.2 I;m(n/kn)izl BT Thje1 = O

[k1/2]_1
(231 tina/de T ieT T -0
2.3 ;m n i;] iE ntlnjer °

Assumption I1. For some sequence {Zn} of positive integers,

(2.1) S"u(n,zn) + 0  (n >

and (2.2), (2.3) hold.

[t is obvious that the constant ¢ in (2.2) mayv be different if the secoucnce

fun} is changed. But we can show that O must be the same for any {un} satisfving

{1.1) with some real u.

/2

Lemma 2.1 If (2.1) or (2.4) holds for some Zn = o(ki ), fn*w, then (2.2) and (2.3)

hold, if and only if

L -1
. no
AL i . -
(2.2) 11m(n/kn).l Elnllni+1
n i=1 -
Kn—l
) 3/ ~ o~
Ty . . : =
(2.3) I;m(n/kn 2)121 FET 1 Th5a1

Furthermore, if (1.1} holds for some ueR, we can use

£ -1
n
. 2
(:'2119 l;m(n/kn)'jzl [P(Xlga(‘\n/n)’ XJ+l<a(kn/n)) - (kn/n) ] = Jd
Zn-l
(2 -;)n llm(n/ks/z)'}‘ '[P(X <a(k /n) X <a(k /n)) - (k /n)z] =0
A S e "

instead of (2.2)' and (2.3)' respectively in the above statements, 1In (2.2)" and

(2.3,

- . - - - s~ = —_ gy 0
ST ARICE Bt aar. oo » A JCIR LU P e -
2 il - : .




" e~ - EEEEEEEEE S

an-O if F(an) - kn/n e kn/n - F(an-n)
a(k /n) = Y .

if F(an) - kn/n < kn/n - F(an-”)

where ay is a real number such that F(an—ﬂ) < kn/n < F(an), and the event ’Xiru”-ﬁ}

is defined as {Xi<an}.

Proot: The first part of the lemma follows from

(20
! ) .V ~ < 1/«.
/K ) L ET n]#ll m/k 3ok ““)u(n,€ ) -
. n
RSaE
3/ L~ (372 017242
Im/ n iz( JHnl n1+11<m/ n j'[kn ] a(n,ﬂn) >0
“n

Now we show the second part. By the definition of a(kn/n), it is easy to see that

JF(a(kn/n)) - kn/nl < |F(x) - kn/n| for any x. Therefore we have

£ -1 £ -1
n

n ~ ~
]@/RQ 7 EL T - f/k ) }Z1 [P(X;sa(k /n), X jepsalk/my - (k/m)” ]l

S
n 2 2.
- m/kn)}él [[P(xlgun, Xj+1§un) - P(Xlsa(kn/n), Xj+lsa(kn/n))| + |F (un) - (kn/n) l
En-l
< 2(n/k) }Zl []F(un) - F(a(kn/n))] + |F(un) - kn/nl]

) 1/2, ., L V2.
< 60e /xL/H o/k )

2 o- kn/nl >0 .

This proves that (2.2)" and (2.2)' are equivalent. In the same way, we can show

that (2.3)" is equivalent to (2.3)°'.

n
Let 5, = Z I, = Z Ex * Z Ny * &




tow

10

We now start to discuss the limiting distribution of §n'

4

2
Lenmma 2.2 If assumption I or IT holds for some Kn = o(ki/”\ and

> - N : -
(2.5) l;m nr(un)/kn =1,

then

. T <
200 [(sn_x) ¢X(X) ,

it and only if
i€t N
(2.7 lim (Ee ™) " =y

1

S L 6y or (2.07) hold<. we have
itx

(2.8) (1) = [ e 77 dey(x).

Proof: Let £ = [kl/z]. Ifn-N(£ +7 Y<€ , we have
n n n-n n n

0 < EZZ
n

2
< En/kn >0 .

1F n - X (£ +F Y > £ , we also have
n n n n

n-Nn(£n+zn)

=2 1 = Ly ~
L R K {[n-Nn(£n+£n)]F(u“)[l-F(un)] + 2 jzl [n-Nn(£n+£n)-J]Elnllni+1}
- - ~ 2
PRI AL
< C/N_+ g i N -3 T + JET T . + 2————a(n,L ) ~ 0
n N, TR is1 nl nj+l ko i nl nj+l k. n
tlence by Chebyshev's inequality, it follows that
T >0 [P]
Since En , = 0, we have
nl :
|
i
ihﬁlt 2 2 2 2“—1 ~ o~ ?
v < n . 2: . 2 -F 2 -3 ? 1 1
N Fe tf o N BN e €7/2 = (€/2) <N Zk HE Flu ) (1-F(u )] ¢ 2 T (e DT

i=l




11
t2 en n n, n (n-] ~ o~ n fq-l ~
{. TF -k RIS L : ] i e ! .
s Flup '(“n)l*“? % .z Bl i #2lggm 0 GET T i
¢ "n n j=1 k i=1
n n n :
lnnlt 1 L mnlt Nn . .
1.¢. be =1 + O(Q—). Therefore 1im (Ee ) = 1. By using lemma 1.2, this
n n
implies that N“ ~
lk§1 Tkt
1im Ee °7 =1, i.e
n
n —
X n_,» 0[P].
k=1 nk
. . . Nn Iy
From the above argument, it follows that (2.6} is equivalent to P( i Enks x)»¢\(x).
k=1 ‘
izn E t
k=1 M
lim Ee = P(t) ,

n

where ¢(t) is defined by (2.8). Using lemma 1.2 again, we see that (2.6} and (2.7

are cquivalent. Hence the lemma is proved.

1/2
Lemma 2.3 If assumption I or II holds for some £ = o(min(k;/z, “1/4)), and (2.5)
holds, then _ 1 " n
i§,_ .t N -[o+ H1-1)]t"
lim (Ee nl y M=e 2
n
Proof: From Tayvlor's formula, it is easy to show that
. n A 3 n+l
t (it) [t}
e’ - % 1| < =, n=0,1,2,..., Vt
rs k! (n+1)!
Therefore, taking n=3, we have
it L2 ...\ 3
.. nl onr (Y7 e2 ()T 2 3
ke -1-9tEE - Sy BEL - Sy BE
W oo . 4
. ST el w o r rosretggliiiggee L - G ’
o PN AN i Al il

I.o.



Noticing that Ezﬁl = 0, the lemma can be proved if we show that

2 1 1
EEFI = ﬁ-[(l-X)+20] + o(ﬁ—q ,
n n
5 1 N I 1
n n
which is equivalent to
(2.9) N EEZ & (1-1) + 20
2.9) NGEE - + 20,
=3
) ' FT 3
(2.10) N EE" >0,
\ ’ -
2.1 D Ej nl 0
Since under assumption I or II,
=2 Nn ~ zn-l ~ ~ o~
N EF | = l\—{ Flu ) [1-F(u)] + 2321 (ln-J)EInllnj+l}
N ZnF(un)[]-F(u )] 2N Zn Zn"] - . 2N zn—1 - .
= K T s kn ) Bl njer” Trl ) FEL  Thgey > (20 + 20,
n n 3=l ) n j=1 J
(2.9) is obvious. To prove (2.10), we expand
n ~3 3N 6Nn - e
2.12 N EE . 3 S O
(2.12) £ —/— 5 Tt T 2 Tnitny * 372 i<§<k TnilniTnk
n n ]
For the first term on the right hand of (2.12), we have
T | e (e | P
{
| ElT.| < — [EI < 1- 2F(u ) -0
ki 2 j=1 J kn n kl n
n

[1-2F(un)]EIniI ., we have

o ~2 o~ _
Noticing that EIniIm = ni
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Zn-l
. 2(1-F(u )] ] (in-j)ﬁnlr
i j=1

il

nij+l

Theretore, for the second term on the right hand of (2.12), it follows that

My o 2 ¢ M
=7 LR s gl TR T o
k i#j k n j=1
n n
Lastly, by using lemma 1.3, we obtain
~7 2 -
S gt & K22 e zg oo
| =7 ) ET .1 .1 <C, a(n.£ )+C, ET_.T . > 0
ko/- i< i<k ni nj nk lkn k1/ 3, 1/2 k i1 nl nj+l
n n n :
ttence (2.10) holds. To prove (2.12), expand
N aN e 6N o
(2.13) N EE < BDETd L0 TP LD T e T
n °nl 2 nl 2 .5 ni nj 2 .47 "ni nj
k k= i#j k7 i<j
n n n
12N ST T 24N - e m
v —3Z EI-.T T, +  FL.T1 .11
k- oigiLkg P M nk kz j<j<k<g ™M nknf
n n
i<k
For the first term on the right hand of (2.13), it follows that
NnYn 4 N T c
n n
Since FI n = [1- 3F(u ) + 3F (u )]EI iTni’ for the second term, we also have
N o3 o N Zn—1 N
-3 ) i nJ| E~|E— .E (£, -3IEL ) nj+l' >
i# n n j=1
By using ETZ.TZ = Fz(u J[1-F(u )]2 + [1-2F(u )]ZET T it is seen that
ST ni nj n n n ni nj’
Nn ~2 ~2 N 2 2 NnC z . ~ )
2 .Z.Elnxlnj 7 F ( )[1~F(un)] t 37 | ) (Z ~J)EInl nj+ ll >0
kn i<) n n j=1

o= - e .




"!'lllIllIl!lllIF-!l-II!ll!lllllllI-'-l T ——

1

~ ~ ~ ~ ~ ~ 2 ~ ~
Notici < % SR G = -2F 3 SIS O 2FT -F( : NG g
oticing that FlnlanInk f1 F(un)]LIanJInk + 2F (un)[] l(un)]Llnjlnk we obtain

for the tfourth term,

Nn © 2~ o~ Cl Nn Y oF ¥ CZ n ‘n 89-] N ~
= - . < - B I S i e | — £ - S |
Ikl 2 F'IniIn_IInk’ : kl72|k57§'i<§<khlnx nifnk ¥ N lllk] 'il i
n ii.k#i n n - nr=
i<k N
Pn T3 3
Lastly, bv lemma 1.4, it follows that K= P<ickep M Hi‘nk’n(
n
3 - AP R
I RS ¢
L Noby o e 2o %}f}}»lrfﬂn +(“}f1‘ u G
RV AT SR A i Y| n541| 3 N /2 nl nsel
h h N <= L K <
n n n - n n
Hence 2.12) holds, and the lemma is proved.
From lemma 2.2 and 2.3, we obtain
1/2 nl/:
Theorem 2.1 If assumption 1 or IT holds for some (n = o(min(k” _'—f71))' and (2. )
holds, then (2.6) holds with "
1 t2 X
4 (x) = ——p— [T exp(- =) dt = 0(5)
(2m “n) 30)\ X

where ﬂ{ = (1-2)+20, ®(x) is the normal distribution function with mean 0 and vari-
ance 1, and when oy = 0, Q(g&) is defined to be 1 for x20 and 0 for x<0. The above

A
statement is still true if (2.2)', (2.3)' are used instead of (2.2), (2.3) in assump- §

tion 1 and T1.

Furthermore, using lemma 2.1, we obtain

t
0

Theorem 2.5 If (1.1) holds, and assumption I or II holds for some

1/2

,
/“, 57730), then the conclusion of Theorem 2.4 follows. The conclusion
k

. 1
(n = o(mln(kn

n
of Theorem 2.4 is still true if (2.2)", (2.3)" are used instead of (2.2), (2.3} in {
|

assumptions I and IT.

/%

It is easy to show that if for some (n = O(ki




o v mem ir

¢ -1

n
N
2.14) lim - el T . . 1=0,
‘ Tk izl Bl T 5

then (2.2) and (2.3) hold with 0=0. Therefore we obtain

Theorem 2.6 If (2.14) and one of (2.1) and (2.4) holds for some

1/2
oo 1/2 n - - X
gn = o(min(k <, 11733), then (2.6) holds with ¢X(x) = ¢(E;t;;T7fﬂ<
n

83. The results for general stationary processes

An i.i.d. sequence {Qn} is called the associated independent sequence of a
. A :
stationary sequence {Xn} if Xn has the same marginal d.f. F(x) as Xn' Smirnov [o]

hiis shown that there are constants an>0 , bn such that

. Aln) C
(3.1 P(Xk < ax + bn) Y(x)

n
it and only if

/

k
(3. FplFlxeb,) - 8 (1-0 a0
n

where u(x) is a nondecreasing, right continuous, (finite or infinite valued) real

function such that u(-=) = 1im u(x) = -, u(«) = lim u(x) = ©, The relation bhec-
X—>=-0 X-»00

tween ¥Y(x) and u(x) is

(3.3) ¥(x) = d(u(x)).

(n)
k

In this paper, we will find the limiting distribution of X under condition (3.2)

n
considering only the case in which ¢(u(x)) is not degenerate.

Theorem 3.1 Suppose that
1. there are an>0, bn such that (3.2) holds with a continuous u(x),

2. for any u = a x+b , xeB(u(*)) = {x: |u(x)]<=}, assumption I or II holds

1/2
. - . .1/2 n . . s
with some Ln = o(mln(kn . ;1739). Then the real ¢ in (2.2) is independent of x
n

P ._,A“r"._.‘_,‘ .

ighd TN e -




and determined by (2.2)', and

1/2
(3.4) P(x{_") < ax+b ) $ ¢>(—(-1;g)—— u(x)), 0,0 .
, n X

Proof: According to theorem 2.5, we have

k
(n) C nT n n )
P(an < anx+bn) = P(Sn 2 kl/z [77 - F(anx+bn)])
v n
1/2 1/2
w1 - BT g = ol i
A A

tor all xeB(u(+)). If u(x) = +<, then x 2 X, Zsupix: u(x)<«e}. By taking xn'B(u(°1).

xnfx0 and using the continuity of ¢(+) and u(+), it follows that

~ (m . (n) : (m_ |
ll@.p(\k < anx+bn) > lim P(Xk < anxo+bn) 2 lim P(Xk < dnxn+bn)

n n n n n n

\

1/2
lim é{ﬂ—‘—é)—-— u(x)) = 1,
n A

(n) (1-n /2
i.e. lim P(Xk < anx+bn) = ¢(——7;———- u(x)) still holds. Similarly we can show
n n A

(3.4) also holds if u(x) -, This proves the theorenm.

From this theorem we know that under assumption I or II, the limiting distri-
My A
k n k

hutinns of n

and 7 may be different. 1In fact, we have

n n

Theorem 3.2 If there are an>0, bn such that (3.2) holds with a continuous u(x),

1/2
. . _ . 1/2 n o
(2.14) and either (2.1) or (2.4) holds with some (n = o(mln(kn s ;T7EJ) for any
- . n
u = anx+hn, xeB(u(+)), then

(3.5) P(Xl((:) sax +b) » O(u(x)

Proof: Notice (2.14) implies (2.2) and (2.3) with 0=0,




e W P N

Theorem 3.3 If in theorem 3.1 or

and (3.5) hold respectively.

Proof:

]

3.2, {k“P is nondecreasing and A=0, then (3.3)

It is proved by Wu [8] that if {kn} is nondecreasing then the only pos-

A
sible types of limiting laws of {XinJ} are ¢(ui(X))‘ i=1,2,3, where

-Jloglxl
u](x) = {
r e &
u,(x) = {
- alog x
us(x) = X

continuous,
Smirnov [6] has shown that u(

0<A<1 in (0.1).

g = o(kl/z), € »o,  then
n n n
N
1 Z ~
— I
1\n j=1 n

max(nBl/z(n,En),

(1-1)(Zn+£n)+2n

j=(i-1)(zn+25)+1

Sk
il

J=Nn(

J R T

- e e - - e .

n
x<0 (a>0)
x>0
x<0
x>0 (a>0)

The thecorem follows from theorem 3.1 and 3.2, by noting that ui(x), i=1,2,3 are

x) satisfying (3.2) need not be continuous if

a4 special discussion is therefore needed.

Jemma 3.4 [f Xe{0,1) in (0.1) and B(n,Z ) (or 3na(n,2n)) tend to zero for some
n

. >0 [P]
[k;/z]) and
N _ i(£n+ln) N
nj i i T nj

j=(i-1) (£ +F )+Z 41

~

o~

I .
£ +ZH)ys1 ™
non

Therefore theorem 3.1 and 3.2 cannot be aprlied to this case, and

-~




We have
~3 2
~l—,EZ,“5—12-(Z+£)“+u
S n
n n
N 2 ¢
1 ~ 2 2 2
— E(J"n ) s L (NL)T < 25 e gz—’l) >0,
kI i=1 K k”
n n n n
1 ~ . 1 Nn ~ .
so that 5 &, >0 r1, — ) n_. >0 [P). Noticing that under the conditions
] n k_ . ni
k n i=1
n
of the lemma,
Nn En' an
TR RS it
i=1 kn kn Nn 1/2
lEe - - (Fe )y "< B (n,JZn) -0,
and that
Nn ~ 2 Nn =2 n zn
— Elg |7 ¢« =4 <+ ¢« —> 0, we obtain
2 nl 2 ™n k k
k k n n
n n
‘_L_ ?n E t .Enlt
K, Ly oni NUN
lim Ee 17 = lim (Ee y M=
n n
1 Nn i~
and hence o Y gni -~ 0 [P]. This proves the lemma.
ni=|

Lemma 3.5 Under the conditions of lemma 3.4, if for some real sequence {nn?,

0 < 1im PX™ <u ) < Tim p(x(™
— k n n k
n n n

then (2.5) holds.

SUn) <1,

Proof: If (2.5) does not hold, from Lemma 3.4 and the fact

P(X(n)< u) = p(._L 121 i.21-1 F(u ))
k. " 'n k .t nj~ k no e
n n J=1 n

we know that one of the two equations




——— - -

e e e - - .

must hold, contradicting the assumption of the lemma 3.5. Hence (2.5) must hold.

Theorem 3.6 Suppose that
1. Xe(0,1) in (0.1);
2. there are an>0, bn such that (3.2) holds;
3. for any u o= anx+bn, xeBl(u(-)) = {x: |u(x)l < ©, x is a continuity point

1/4), £ > o ., Then the real

of u(x)}, assumption I or II holds for some Zn = o(kn n

nin (2.2) is independent of x and determined by (2.2)", and (3.4) holds. Fur-
thermore, if conditions 1,2,(2.14) hold and either (2.1) or (2.4), with £n=o(ki/4)

(”* o, then (3.5) holds.

Proof: Tt follows from theorem 2.5 that (3.4) holds for all xeBl(u(')). Thus it

is sufficient to show that

(3.6) l;m p(xﬁz)s axsb) =1 , ifu(x) =e
- . (n) _ : -
(3.7 1lim P(Xk < anx+bn) 0 , if u(x) = -o .

n n
Itf (3.6) is not true, we can choose a subsequence such that

. (n'
tim PO ‘)s axg*h ) =L <1
n n

tfor somc X4 u(xo) = «_ Taking xleBl(u(-)), we have x_<x_., and therefore

170

] " 1]
0 < lim P()((n )s a Xx,+b ) < lim P()(Ln )s a x+b ) =2 <1
n' kn' n'"1 "n' n' n' n n'

According to lemma 3.5, this implies (2.5) with U, S anX +b_.,. By using

theorem 2.4, it follows that

1/2 , k_,
o ux)) = Lim 0(3- 2 [F(u) - 5D
A n' Aon
= lim P(xé"')s u ) = £e(0,1)




n

1/2
. 1.
This 1s contrary to ®(£-;}—~—— u(x”)) = ®(=) = 1., Hence (3.6) must hold, and in
A
a similar way, we can show (3.7). Then the theorem follows.

If the rank sequence {kn} satisfies

K
,
(3.8) nl/"(7? - A) » t, -ect<a , O<A<l,

Smirnov [6] has shown that the only possible non-degenerate types of limiting

. M) ~ t .
laws of {Xk } are ¢(u;(x) - =), i=1,2,3,4, where

n ay
~00 X<0
u (x) = {
! ox® x20 (C>0, a>0)
-Cl,\'[“t x<0 (C>0, ~>0)
uz(x) = { o <20
(3.,
r -(‘lerl x<0
u (x) = 1
3 sza Xx20 (CI,C2>0, a>0)
-0 x<-1
Gd(x) = < 0 -1<x<1
o x21

and Sk = [k(l-k)]l/z. For stationary processes, similar results are obtained as

follows.

Theorem 3.7 If (3.8) holds, then under conditions 2 and 3 of theorem 3.6, (3.1}

holds, and u(x) in (3.4) is one of the four types

u(x) = u (x) - i=1,2,3,4 ,

Alfe

A

and the real o in (3.4) can be found as follows

1 v , 2
(3.10) o =75 J_Zl[r’(xl.a(x), Xj+lsa(l)) - A9
' .-WN"»:-—'— . . T . "u: -




where
a, -0 if F(a\)-X\A~F(n)-O)
agd) = {

. 1€ (- DR W N -
a if I(d)\) <) l(a)\ o)

A

and u, is a real such that F(a:-0)<XSF(aX), and the event {anaA-O} means

Proot: According to theorem 3.6 and Smirnov's results as above, it is sufficient

to show (3.10). Writing u = anx+hn, xaBl(u(~ﬂ, we have

e -l £ -1
; , , 2. \2
:izl [PCX 2, X, s ) -Fo(u)] - izllp(xlsa(x), X;yp 20027
¢ -1

2 , , , | 2 2
1=2 [\P(xlsun, \j+l.un)—P(Xlea(k), xj+1- a(ON) !+ |F (u)-2 11

k K
: 3 Y o< __l'}_ + -—Il-- ->
. anli(un) o< 4£n(|F(un) n] |n A -0

<o that
£ -1
. 2 n 5
YoIr(x <a(M, X, cca(N))-27] = lim Z [P(X,<a(M), X, ,<a(M))-2"7]
. 1 i+l C 1 i+l
i=1 n =1
¢ -1
n 2
= lim .) [P(Xlsun, Xj+lsun)-F (un)]
n ji=1
£ -1
. n ¢ >~
= A lim o~ b ET T ., =%
n n j=1 :

tience Theorem 3.7 holds.
84, FExample: The Normal Case
Lot {Xn, n=1,2,...} be a stationary normal sequence with

- - = =1.2
Exn 0 , EX 1, EXIXMl L n=1,

- PN Y e - ) " : .
RS e s . . 2o T P :
- "‘-“‘-} : A ' ~! ,




In this section, we give some conditions on 4rn1 such that the limiting distri-
: CoNE (n)} et Far o . : anl o .

butions of {Xk exist for some special rank sequences {kn'

n

Lemma 4.1 IF rn =0 and

2
n nil e u,
4.1y lim =5 jlr.texp(- = 1 =0
NEAIEEE SR

then (2.1) holds.

Proot: The method of proving this lemma is a slicht extension of an argument of

. . a ~ noo. .
Leadbetter, Lindgren and Rootzén [7]. Let Ani = 'xi{un? < R, i=1,...,n. TFor

~

anv tfixed i CpOT ¢ o = gy . ? L, OF¥ = ”{T !
v tfixed integer k,¢, denote F A ... ., A c Frap xnk+f+l"""\n1

k nk

Ihen anv AQJ{{Xiiun}, i=1,...,k}, B(O{{Xiiun}, i=k+L+1,...,n} can be representad

a1 = N .0 CeBY W N R Crite . .
as A A Al Bc{\ncB, where AeFk, BEFk+£‘ Write fl(xl,...,xk, )1""‘}n-k'f)

.,xn) and fo(xl,....xk: yl""’yn-k-f‘ =

f) where fOl and fﬂ’ are the densities of (X

for the density of (X\""’xk; xk+£+1’..

fo0x

01 X f

p N oYy e

and (Xk ...,Xn) respectively. Let R, and R, be the covariance matrices of fl

1 0

+{+1’
and fo. It is easy to show _hat Rh = hR1+(l—h)Rn is positive definite for anv
h- [0,1]. Writing fh(xl""’xk’yl""’yn-k-ﬂ) for the density function of a

coro-mean normal vector with covariance matrix R we have

h’
(4.2) P(AB) - PAP(B) = [...f [fy £ dhldxdy
XA ,yeB
)2
3°f
1 h
= IO dh 2 f... X3y ., dxdy
I<i<k A yveB | j-k-£
k+L+1<j<n X€ 25
X, v, 3%,
where x = (), vy = (é ). Split the integral fg.‘f~ 53;37%———- dxdy into
“k Yn-k-2£ xeA,yeB 7 X Yik-£ 1

four parts: for xeKn{xiéun}, yeﬁn{yj_k_esun} and xyKn{xiSUn}, yeﬁn{yj_k_£>un}.

- - -~ - B I 2Rt




and .oV

- N ix ~u “uor,oa
i Tn i

~

P2

A "Ank

A nl’

s - B«

ni-1""ni+1’"

can be done since A is a disjoint u

\

i or the complement of Ani' and

vectors X,y without the component X

L

xeAn{x.<u }
i n

.- I .
veBrdy cu Y
) ) Pty

e

j-k-

and the =ame inequalities hold for

we have sup‘rn‘<l, and therefore
n>1
o I
1 1
: f;..j f;??;f d
X A, _\"'5 J

Prom this and (1.2) it follows that

nd xcActugu g, yrBLtyj—k_[>un}, where
s 1A R S WY Y (Mhis
nh+f+1 n.i-1""n,i+l *nn
. . . ko .
nion of sets of the form n, _C ., where =
i=]l ni ni
(iy (1) .
similarly for B). Writing x Y tor the
.,Vv. we have
1771
dxdy |
. (1), (1)
£ (x.=u_,v. ,=u_)dx dv
h( i -kt n)
2
u
oxp f- e}
by

other three parts of the integral,

u
xdv|< C exp(—-f:T;5—~T)
-1

1

Since r_ =N
n

u n-1 u
PGB -P(AIP(B) | <C § [r. Jexp(- ~g——p) < C § ilr.|exp(- oy
ik ! Ty j= s rj-lT
k+f<i<n

Henee (2.1) holds if (4.1) holds.

According to theorem 3.5 and 3.7 of Cheng [1], we know that (3.2) holds for
k
any kn satisfying [0,1), if F(x) = ®#(x) and an>0, bn are defined by ¢(hn) = 7? .
l\1/2 (1 1/2
a _.J%u_ “iﬁ%rj"' wherce $(x) is the density function of the standard normal
n

distribution do(x).

Using this fact, we discuss thc limiting distribution of




order statistics from stationary normal scquences.  Since the case =0 ha- hoorn
discussed in [1], we consider only the case X (0,1),

Lemma 3.2 If 4. (o,1) in (0.1} and rn = ﬂ(n‘(1+“)). >3, then (1.1 holds tor

. /. . . .
<ome ?n = o(nl'z) and any u which satisfies (1.1).

Proof:  To show (4.1} 1t is sufficient to show that
n-1 u
. 1/2 .
lim n / ; )hw exp( - 1;TE”T) =0
n i=t : i
n :
Y u,
Since exp(- T:T?“T) exp(- =), this will follow if
;! 2
) s
, n-1 u’
lim nl/' ? i ri exn( - _2) = 0
n i=f : -

n
.. . \ . . -1 . . .
Since .(nn)>) and the inverse function ¢ ~(x) of ¢(x) is continuous, we huave

l”]”l\ where a, is defined by é(ux) = X. Hence

2 2
, n-1 u a L, n-l
nl/' ? ilr. lexp(- —;5 < Jexp(- AQJ + 1] nl/' F j!ri[
i=e - - i=L
n n
-p+l
, n-1 , ¢
< Cnl/" ; LI Cnl/“~JL——
b 0 p-1
=l

4
for sufficiently large n. Let Cn = [n/logn]l/ . Thus

5
, n-1 u’- _ _
nt/? y jlri|exp(— -y < (logn)” l/n(o SATA NN
=0, i
- n

completing the proof of the lemma.

- - e~ - ERRIEEINE Oy I SIEL




T e e

[5S]
3

Lomma 3.2 18 Y (0,1) in (0.1) and :7 11‘"] < . then
n=1

2
a
- hy
tl‘ : t r exp(- -
. ‘ , . n, J 1 n +
Co3y L Il‘(.\l‘h X +1'~h) - (=7 = 55 ) f“ 5173 ir
nooq=1 “on=0 (1-rYy '~
! ()I\J_l - kn 2
(.1 lim 73 _||P(\1sbn,.\i+lshn) - (-n—) ] =0
n n =1 -
. N 1/4 . ) . . P
for anv tn = o(n Y. (’n -+ x_ where a, is the solution of the equation ¢{x)=3,
Proot: It is easyv to show that
h;
PUX b XL b ) (kn)z - ) fr'] (ixn(-ﬁ? dr
R N T T30 (1_]‘2)172 )
Notice that
2 2
b~ a
¢ -1 . n ¢ -1 . A
ST T s B
BT Ja7z Yt Lo g 2 1/2
=1 (1-r") i=1 (1-r7)
2
£ -1 ) 2 2
n {1‘[0\1‘(- 1—1‘) h™-ul
Dy et e 2
i=1 (1-r7)
2
£ -1 | ! "\
T 9,\'[7(— l‘*?
|b -(l\\ ) f” : '_,*'17‘2— . dr
i=1 (1-r7) (1+1)
> 2 o
< Clhn-a)\l ; |1"n| > 0, 5
n=1 a
"X (- o
[llence to show (4.3), it is sufficient to show that the series d1
n=0 0 (1-1'211/2

converges.  This follows since

IR WS N




2 .\
ad. .'l\
r, exrt- T"—) - ,oxple gy ) -
fo l/“ drf < ) !rn‘ 7 £ 0 0 v e
1 (1- n=1 (l r ) - n=1

(4.3) is proved, and (4.4) can be shown in ua similar wayv,

From lemma 4.2, 3.3 and thceorem 3.6, we have

Theorem 4.4 If ro= O(n-(l+o)), n>3, then

(n) (1-n17?
lim P(X <a x+b ) @(——————«— x)
n n X
kn
for any kn such that 7;—» Ae(0,1), where
5
42
exp(- =)
2 n T+r

-T )
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